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Abstract. We show that the blowup of an extremal Kahler manifold at a 
relatively stable point in the sense of GIT admits an extremal metric in Kahler 
classes that make the exceptional divisor sufficiently small, extending a result 
of Arezzo-Pacard-Singer. We also study the K-polystability of these blowups, 
sharpening a result of Stoppa in this case. As an application we show that 
the blowup of a Kahler-Einstein manifold at a point admits a constant scalar 
curvature Kahler metric in classes that make the exceptional divisor small, if 
it is K-polystable with respect to these classes. 



1. Introduction 

Let (M, lj) be a compact Kahler manifold of dimension m, such that uj is an 
extremal metric in the sense of Calabi [6] . This means that the gradient of the scalar 
curvature of to is a holomorphic vector field, so important special cases are constant 
scalar curvature (cscK) metrics and Kahler-Einstein metrics. Following Arezzo- 
Pacard [21 [3] and Arezzo-Pacard-Singer (4] we study the problem of constructing 
extremal metrics on the blowup of M in one or more points, in Kahler classes 
which make the exceptional divisors sufficiently small. To state the result precisely, 
we make a few definitions. The condition that oj is extremal implies that the 
Hamiltonian vector field X s corresponding to the scalar curvature s(u>) is a Killing 
field. Let G be the group of Hamiltonian isometries of (Af, w), and write g for its 
Lie algebra. We fix a moment map 

At : M -» g* 

for the action of G on M, such that for any vector field X £ g the function (/i, X) 
has zero mean on M . We will also identify g with its dual g* using the inner product 

(X,Y)= [ (n,X){»,Y)u> n . 

for X,Y £ g, so we will think of elements in g* as vector fields. Our first main 
result is then as follows. 

Theorem 1. Choose distinct points p\,...,p n £ M and numbers a\,.. . ,a n > 
such that the vector fields X s and ^2 a T~ 1 f-iPi) vanish at thepi. Then there exists 

i 

£o > such that for e £ (0,£o) the blowup Bl pit ,,, }Prh M admits an extremal metric 
in the Kahler class 

tt*M-£ 2 {a 1 [E 1 ] + ... + a n [E n }), 
where Ei are the exceptional divisors and tt is the blowdown map to M . 

To compare with the earlier results, we now describe the theorem proved by 
Arezzo-Pacard-Singer in [4]. As above (M, ui) is an extremal Kahler manifold. We 
choose K to be any group of Hamiltonian isometries of (M, to) such that its Lie 
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algebra t contains the vector field X s . Now G is the group of Hamiltonian isometrics 
commuting with K, and g is its Lie algebra. We define g' = g n %, and define g" to 
be the orthogonal complement, so 

g = g' ® g". 

Then the most general result in [4] is the following. 

Theorem 2 (Arczzo-Pacard-Singer). With notation as above, let pi, . . . ,p n G M 
be points where each vector field in 6 vanishes. Suppose that 

(i) (Balancing condition) we choose ai,...,a n > such that 

n 

(ii) (Genericity condition) the projections of (J-(pi), ■ ■ ■ , n(p n ) onto g"* span 
3 "*> 

(iii) (General position condition) there is no nontrivial element of g" that van- 
ishes at P\, • • ■ iPn- 

Then there exists e$ > such that for all e £ (0, eo) there is a K -invariant extremal 
Kdhler metric on the blowup Bl Plt ,,, tPn M whose Kahler class is 

M-e 2 (aiiEt] + . . . + a n [E n }) , 

where the Ei are the exceptional divisors. 

In addition condition (iii) can be removed if we allow losing control of the Kahler 
class a bit (see [2] for more details). 

Note that since the vector field X s and also any vector field in g' is contained in 
{, the assumptions of Theorem [2] imply those of Theorem[TJ In particular we do not 
need conditions (ii) and (iii) . Although once the number of points blown up is large 
enough the conditions (ii) and (iii) are satisfied generically, it is clearly of interest 
to obtain results that work for fewer points. We also see that condition (i) seems to 
be weakened, but in fact if we choose K to be the largest possible fixing the points 
pi, . . . ,p n then condition (i) is equivalent to the vanishing of ^2 a™ _1 /j,(pi) at the 
points pi . 

The new ingredient in the proof of Theorem [1] is fairly simple so we describe 
it here briefly, focusing on the case of blowing up just one point. Starting with 
an extremal metric on M, in [3] the authors try to directly construct an extremal 
metric on the blowup Bl p M in suitable Kahler classes, whereas we try to solve a 
slightly more general equation instead. More precisely for suitably small e we find 
a metric on Bl p M in the Kahler class [lj] — e 2 [E] together with a vector field 
h p e £ g such that if the vector field h p £ vanishes at the point p, then uj p £ is an 
extremal metric. So the problem becomes to analyse when h p%e vanishes at p, but 
this is a finite dimensional problem. Varying p we obtain a map 

h e : M -)• fl 

for small e, and the crucial point is that h s is a perturbation of the moment map 
fi. Then a perturbation argument shows that if fi(p) vanishes at p then there is 
a point q in the same orbit of the complexified group G c as p, such that h e (q) 
vanishes at q. This means that we have an extremal metric on the blowup Bl q M , 
but this is biholomorphic to the blowup Bl p M and this concludes the proof. The 
actual proof will be slightly different, since for technical reasons we will work on a 
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suitable submanifold of M instead of all of M. The idea of separating the problem 
in this way into an infinite dimensional problem that is easier to solve than the 
original, together with a finite dimensional "obstruction" problem is well known 
(see for example Hong [13j [14] for a similar technique used to construct constant 
scalar curvature metrics on ruled manifolds). 

Recently there has been much work on relating the existence of extremal metrics 
to algebro-geometric conditions on the underlying complex manifold. This work is 
centered around the following conjecture. 

Conjecture 3 (Yau-Tian-Donaldson). Let L be an ample line bundle over a com- 
pact complex manifold M. Then there exists an extremal metric in C\{L) if and 
only if the pair (M, L) is relatively K-polystable. 

This conjecture goes back to Yau [34] in the case of Kahler-Einstein metrics, and 
the first results are due to Tian [33]. Donaldson 9^ extended the question to the 
case of constant scalar curvature metrics and proved the conjecture in the case of 
toric surfaces Two recent surveys on this topic are Thomas |32j and Phong- 
Sturm [?6i. Note that it is essentially known that if an extremal metric exists 
then the manifold is relatively K-polystable (see Donaldson [TUJ , Stoppa [25[ [3D] , 
Mabuchi [21]), although this depends on the precise definition of stability being 
used. 

A natural problem is to verify the conjecture for the type of blowups we are 
considering, building on existence results like Theorem Q] and [2] Let us suppose 
that cj is an extremal metric on M, and u G c\(L) for some ample line bundle 
L — > M. For simplicity let us focus on the case of blowing up just one point. 
We want to characterize the points p G M for which the blowup Bl p M admits an 
extremal metric in the class ci(7r*L — eE) for small rational e. Note that some 
partial results on this question for cscK metrics on multiple blowups were obtained 
by Arezzo-Pacard [Tj. 

The choice of moment map gives a lifting of the infinitesimal action of G to the 
line bundle L. Replacing L by a large power if necessary we can assume that we 
obtain a global action of G, and moreover we can extend this to an action of the 
complexified group G c . In this case Theorem Q] can be reformulated as follows. 

Corollary 4. Suppose p G M is such that X s vanishes at p, and p is relatively 
stable for the action of G c on M with respect to the polarization L. Then Bl p M 
admits an extremal metric in the class c\(tt*L — eE) for sufficiently small e. 

In order to verify Conjecture [3] we need to relate the stability of p G M for the 
action of G c , to relative K-polystability of Bl p M with respect to the class ir*L — eE 
for small e. In this direction, Stoppa [29] and Delia Vedova [8j showed that if p is 
relatively strictly unstable for the action of G c , then Bl p M is not relatively K-stable 
with the polarization n* L — eE for small e, and so it does not admit an extremal 
metric in these classes. The remaining question is what happens when p is strictly 
semistable. We now focus on the cscK case, for which we have the following. 

Theorem 5. Let (M, L) be a polarized manifold and fix p G M. Suppose that for 
all sufficiently small rational e > 0, the blowup Bl p M is K-polystable with respect 
to the polarization tt*L — eE. Then p G M is stable for the action of G c with 
respect to the linearization Lg for all sufficiently small rational 5 > 0, where L$ is 
the following, depending on the dimension: 
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• //to > 2 then Ls = L + SKm, where Km is the canonical bundle. 

• If to = 2 and Kx • L then Lg = L + SKm ■ 

• If to = 2 and Kx ■ L < i/ien Lg = L — SKm- 

In comparison, Stoppa's result [29 a implies that if Bl p M is K-polystable for the 
polarizations n* L—sE for sufficiently small e, then p € M is semistable with respect 
to the linearization L. But if p G M is stable with respect to the linearization 
L ± for all sufficiently small 5 > 0, then by letting 6 — > it follows easily that 
p G M is semistable with respect to L, so our result is slightly stronger. In fact 
we expect Theorem [5] to be sharp at least when to > 2. In order to show this, we 
would need the following strengthening of Theorem [1] in the cscK case, stated for 
the blowup in just one point. 

Conjecture 6. Let dimM = to > 2. Suppose that M admits a cscK metric in 
C\{L), and let p G M. There exist <5o> £ o > such that if p(p) + 5Afi(p) = for 
some S G (0, Sq) then for all e G (0,£q) the manifold Bl p M admits a cscK metric 
in the Kahler class ci(ir*L — eE). If m = 2 then we can ask for an analogous 
result to hold, just using p,(p) ± 5Ap,(p) with the sign in accordance with the signs 
in Theorem\5\ 

Here Ap is the Laplacian of p taken componentwise after identifying g* with 
R z for some I. Note that /i + SA/i is a moment map for the action of G on M 
with respect to the Kahler form lo — 8p, where p is the Ricci form of w, so by the 
Kempf-Ness theorem we can find a zero of /i + 5Ap in the G c -orbit of p if and only 
if p is stable with respect to the linearization L + SKm (see Lemma [28] in Section [6] 
for this). So Theorem [5] and Conjecture [5] together imply that if M admits a cscK 
metric in ci(L) and Bl p M is K-polystable for the polarization ir*L — sE for some 
sufficiently small e, then Bl p M admits a cscK metric in ci(tt*L — eE). At the end 
of Section[5]we indicate why we expect this conjecture to hold at least when to > 2. 

There is one case when Conjecture [6] follows directly from Theorem [IJ namely 
when (M, w) is Kahler-Einstein. The only interesting case is when M is Fano, since 
otherwise M does not admit Hamiltonian holomorphic vector fields, so the blowup 
at any point admits a cscK metric by the theorem in [2]. In the Fano case we can 
scale the metric so that p = oj, in which case A/i = — p. The statement of the 
conjecture then reduces to that of Theorem [TJ so we obtain the following. 

Corollary 7. Suppose that (M,uj) is Fano and Kahler-Einstein, and let p G M. 
For sufficiently small rational e > the following are equivalent: 

(i) The blowup Bl p M admits a cscK metric in the class 7r*[w] — e[E], 

(ii) Bl p M is K-polystable with respect to the polarization it*K M l — eE, for test- 
configurations that are invariant under a maximal torus. 

(iii) The point p G M is GIT polystable for the action of the automorphism 
group of M , with respect to the polarization K M . 

In the second statement we need to use test-configurations invariant under a 
maximal torus for the implication (i)=>(ii) because in 130] we were not yet able to 
prove full K-polystability assuming the existence of a cscK metric. 

The outline of the paper is as follows. We first give the proof of the finite dimen- 
sional perturbation result in Section [2] together with a related result in geometric 
invariant theory. In Section [3] we discuss some background material on extremal 
metrics. Then in Section |4] we set up the equation that we want to solve and give 
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the proof of Theorem [T] assuming that we can solve this equation. In Section [5] we 
solve the equation using a gluing method similar to [4] , completing the proof of The- 
orem [T] Our approach is slightly different than that of Arezzo-Pacard-Singer, but 
the technical ingredients are more or less the same. We could also have adapted the 
proof in [4] more directly to our slightly more general setting. Finally in Section [6] 
we discuss the algebro- geometric side of the problem, and we prove Theorem [5] and 
Corollary [3 

Acknowledgements. I would like to thank D. H. Phong for his encouragement 
and interest in this work, and also V. Tosatti for helpful comments and discussions. 
This work was partially supported by NSF grant DMS-0904223. 

2. Deforming relatively stable points in GIT 

Let U be a Kahler manifold (open, or compact without boundary) with Kahler 
form u), and suppose that a compact group H acts on U, preserving uj. Let H c be 
the complcxification of H, and f) be the Lie algebra of H . The action of H extends 
to a partial action of H c , ie. if x £ U and £ £ F) is sufficiently small then e^x £ U. 
For any x £ U write t) x for the stabilizer of x. Also, let 

be a moment map for the H action on U, where we have identified f) with its dual 
using an invariant inner product. 

Proposition 8. Suppose that x £ U satisfies (i(x) £ f) x . Let fj, e : U — > f) be a 
family of maps such that fi e — ► /i in C° as e — > 0, and for each y £ U and e > the 
element /J, e (y) commutes with the stabilizer {] y . Then for sufficiently small e there 
exists £ G f) such that y = e**x satisfies n e {y) £ f) y . 

Proof. This is essentially an application of the implicit function theorem. Let us 
first treat the case when fi(x) = 0. For every y £ U write t)y for the orthogonal 
complement of f) y , and let LI y be the orthogonal projection onto t)y. For £ in a 
small ball B C f)^ we define the projection : t) — > t)^ by 

p e (r?) = n x ii e45iC (77). 

Then P^(/i(e^x)) = means that /i(e^x) £ t) e is x - For small e define the map F £ 

by 

Then F (0) = and DF n at is just the derivative of fi at x (we use here that 
fi(x) — 0). Since this is an isomorphisms f)^ — > t)^> we know that F (B) contains a 
small ball B$ around the origin. It then follows from degree considerations that for 
sufficiently small e, the image F e (B) contains a small ball Bgi around the origin, in 
particular P e (£) = for some £. But this means that y = e^x satisfies fj,(y) £ \) y . 

If n(x) = £ ^ 0, then we reduce to the previous case as follows. Let T C H be 
the closure of the subgroup of H generated by £, so T is a torus. Write Ht for 
the centraliser of T in H, and t)x for its Lie algebra. Inside this Lie algebra let 
t) T ± be the orthogonal complement of the Lie algebra of T, and let H T ± be the 
corresponding subgroup of H. We then look at the action of H T ± on U, for which 
the moment map /it is simply the projection of \i onto \)t±- But then ht{x) = 0, 
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so we can apply the previous argument to find £ G f)yi such that y — e^x satisfies 
/J-e,T(y) € i)y- Here fi £ ,T is the projection of [i e onto t)r ± - Since commutes 
with elements in the stabiliser f) y , in particular it commutes with t. Hence /J. £ (y) 
differs from the projection /i £j t(?/) by an element in t, so € | s . □ 

It is helpful to put this result into the context of relative stability. In this setting 
U is a compact Kahler manifold and the symplectic form to represents the first 
Chern class of a Q-line bundle L over U. Moreover the choice of moment map /i 
corresponds to a choice of lifting of the action to some power of L, called a choice 
of linearization. 

Definition 9. A point x € U is relatively stable if there exists a point y in the 
H c -orbit of x for which fi(y) G \) y . 

The relationship of this definition using moment maps to geometric invariant 
theory is a version of the Kempf-Ness theorem [T|5] and is worked out in [21] (see 
also Kirwan [17]). Using this terminology, Proposition [8] says that if x is relatively 
stable for a certain choice of line bundle and linearization then it is still relatively 
stable for small perturbations. It is more general however, because we do not need 
to know that the \i e are also moment maps. 

In the rest of this section we study what more we can say about the stability of 
points in the sense of GIT as we deform the polarization. We will only consider a 
very simple kind of deformation, namely we have two line bundles L and K on M, 
such that L is ample. We suppose that a complex reductive group G acts on M 
and we choose linearizations of the action on L and K. Fix a point p G M, and let 
A be a one-parameter subgroup in G. Let 

q = lim X(t)p. 

Then A fixes the point q and we write wl(j>, A) for the weight of the action of A on 
the fiber L q , and wk(p, A) for the weight on K q . The following is well-known, see 
Mumford-Fogarty-Kirwan [53] . 

Proposition 10 (Hilbcrt-Mumford criterion). The point p G M is semistable with 
respect to the polarization L if and only if wl(p,X) ^ for all one-parameter 
subgroups A. If Wl(p, \) > for all A which does not fix p, then p is polystable. 

The result we will need is the following version of this for the deformed polar- 
ization L + eK. 

Proposition 11. There exists Eq > such that for all e £ (0,£o) the point p is 
polystable with respect to the polarization L + eK if and only if p is semistable with 
respect to L and for every one-parameter subgroup A for which wl{p, A) = and 
A does not fix p, we have wk(p,X) > 0. In particular whether p is polystable with 
respect to L + eK or not is independent of the choice of e G (0, £o) • 

Proof. First let us assume that K is ample. Choose a maximal torus T C G and let 
t be its Lie algebra. We will use Proposition 2.14 in [24]. This says that there are 
a finite number of rational linear functionals U, mj G t*, such that for every point 
x G M and one-parameter subgroup A C T we have 

wl(x, A) = max{7i(A) | i G I(x)}, 

wk(x, A) = max{mj(A) | j G J(x)}. 
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Here wc identified A with its generator in t and I(x), J(x) are finite index sets 
depending on x. 

If we have a one-parameter subgroup A C G which is not in T, then we can 
always find a conjugate -fX-f^ 1 C T, and we have 

w L {x,\) = WLi-jx^Xj^ 1 ) = max{^(7A7 _1 ) \ i £ /(7a;)}, 

w K (x,\) = wxi-fx^X-f- 1 ) = max{m : ,(7A7 _:L ) \ j £ Jfrx)}. 

We want to show that for sufficiently small e, the weight wl{p,X) + £Wk{p,X) is 
positive for all A which does not fix p. It is enough to check this for A C T, because 
allowing conjugate one-parameter subgroups 7A7 _1 amounts to replacing p by jp, 
but in the weight computation all that matters is the index sets I(jp) and J{~fp). 
Since there are only finitely many of these, if we find an e that works for each case 
separately, then we can take the minimum of these. 

Restricting attention to one-parameter subgroups A C T, we can extend the 
definition of Wl(x,X) continuously to A £ tR. By taking a smaller torus we can 
also assume that no element in T fixes p. The main point is that then the set of A 
for which Wl(p, A) = is a convex cone C C tR, whose extremal rays are rational. 
By our assumption Wk(p, A) > for A £ C n tQ, but then this is true for all A £ C 
because of the rationality of the mj . Let us write dB C t for the unit sphere with 
respect to some fixed norm. We then have wk{p, A) > on C fl dB, but the latter 
is compact, so there exists an open neighbourhood U G dB of C D dB for which 

w K (p,X) > for A £ [A 

At the same time \wk(p, A)| < C for some constant C and all A £ dB. In addition 
there exists 5 > such that wl{p,X) > 5 for A £ U. Finally it follows that if 
e < 5/C, then 

w L (p,X) + £w K (p, A) > 

for all A. 

For the converse direction, we note that \wk(p, A)| < C for some constant C and 
all A £ dB, with C independent of p. If p is not semistable with respect to L, then 
there is a one-parameter subgroup A for which Wl(j>, A) — — 6 < 0. But then for all 
£ < <S/(C|A|) we have 

w L (p, A) + ew K (p, A) < -5 + Ce\X\ < 0, 

so p is not stable with respect to L + £K for any sufficiently small e. The fact that 
we need wk(p, A) > for all A such that wl{p, A) = is immediate. 

Now suppose that K is not ample. We can choose a large constant c such that 
cL + K is ample. Then note that for small e 

L + £K = (1 - £c) (l + Y^} cL + . 

so if p is polystable with respect to L + £K then is is also polystable with respect 
t° L + \- ec (cL + K), where cL + K is ample. If £ is sufficiently small, then we can 
apply what we just proved. So p is polystable with respect to L + eK if and only if 
p is semistable with respect to L and for every one-parameter subgroup A for which 
Wl(p, A) = and A does not fix p, we have wk(p, A) = w c l+k(p, A) > 0. □ 

3. Background on extremal metrics 
In this section we collect some material which we will need later on. 
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3.1. The extremal metric equation. As we said before, the basic strategy to 
obtain an extremal metric on a blowup Bl p M is to first use the extremal metric w 
on M and a simple gluing argument to obtain an approximately extremal metric uj e 
on BlpM and then to try perturbing this to an extremal metric. When we set up 
the problem more precisely later we will have a maximal torus of automoprhisms 
T acting on Bl p M , preserving the approximate solution u e and we will seek an 
extremal metric of the form 

lu 6 + iddp, 

where ip is T-invariant. Let us write t C C°°(Bl p M) for the space of Hamiltonian 
functions generating elements of T, which includes the constants. Note that dim t = 
dim t + 1 where t is the Lie algebra of T, and t consists of the smooth T-invariant 
functions in the kernel of the Lichnerowicz operator on Bl p M , defined in Section[XU 
We need the following which can also be found in [4]. 

Lemma 12. Suppose that <p € C°°(Bl p M) T and / 6 t such that 

(1) 8{0J e + iddLp)-~Vf-Vip = f, 

where the gradient and inner product are computed with respect to the metric uj e . 
Then ui £ + iddtp is an extremal metric. 

Proof. Let X be the holomorphic vector field on Bl p M with Hamiltonian function 
/, ie. 

df = L X UJ e - 

At the same time we can compute 

i X {idd V ) = ~d(JX(tp)). 
Since JX — V/, by combining the previous two formulae we get 

tj(w £ + iddip) = d yf + ' ^V^J — ds(us e + iddip). 

This means that oj £ + idd(p is an extremal metric. □ 

In order to solve Equation (JIJ as a perturbation problem, we will write it in the 
form 

(2) s(u e + idfy) - iv(s + /) ■ v<^ = s + /, 

where s, / 6 t, and s is chosen so that the holomorphic vector field Vs is the natural 
holomorphic lift of the vector field Vs(w) on M. In addition we can normalise s 
so that it agrees with s(w) outside a small ball around p, where the metrics ui and 
to E coincide. The advantage of this is that we now seek ip and / which arc small, 
or in other words, setting tp — and / = we get an approximate solution to the 
equation. 

For any metric u) let us define the operators Lq and by 

(3) s(Q + iddtp) =s(cD) + Qw(<p), 

where L is the linearized operator. A simple computation shows that 
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and analysing this operator will be crucial later on. We are using the complex 
Laplacian here which is half of the usual Riemannian one. 

At the same time note that the linear operator appearing in the linearization of 
Equation ([2]) is 

(4) (<pJ)^L Ue (<p)-±Vs-V<p-f, 
which is closely related to the Lichnerowicz operator. 

3.2. The Lichnerowicz operator. For any Kahler metric w on a manifold X we 
have the operator 

V : C°°(X) -> ^(T^X), 

given by "D(tp) = dV ' ip where d is the natural 9-operator on the holomorphic 
tangent bundle. The Lichnerowicz operator is then the fourth order operator 

2>£2>o : C°°(X) -> C°°(X), 

whose significance is that the kernel consists of precisely those functions whose 
gradients are holomorphic vector fields. The relation to the operator in Equation Q 
is that a computation (see eg. LeBrun-Simanca [19 ) shows that 

(5) X>£Z> ffl foO = L Q {<p) - ~Vs(u>) ■ V<p, 
but note that in general s(cD) is not equal to s. 

3.3. Burns-Simanca metric. The approximate metric uj e on Bl p M is constructed 
by gluing the extremal metric u> on M to a rescaling of a suitable model metric on 
BloC m , ie. on the blowup of C™ at the origin. This model metric is a scalar flat 
metric found by Burns (see LeBrun [18] ) for m — 2 and by Simanca [27) for m ^ 3. 
Away from the exceptional divisor it can be written in the form 

7 1 = idd(hz\ 2 +i>{ Z ) S j , 

where z — (zi,...,z m ) are standard coordinates on C m . For m = 2 we have 
ip(z) = log \ z\ while for m > 2 we have 

iP(z) = -\z\ 4 - 2m + 0(\z\ 3 - 2m ) 

for large \z\. The quantity 0(|z| 3_2m ) is a function in the space C^ 2m {Bl^C m ) 
in the notation of section [SJ for any k and a € (0, 1). See Lemma [M] for a sharper 
asymptotic expansion. 

4. The main argument 

Suppose as before that ui is an extremal Kahler metric on M. Let X s be the 
Hamiltonian vector field corresponding to the scalar curvature s(lu). Write G for 
the Hamiltonian isometry group of (M,w), so the Lie algebra g of G consists of 
holomorphic Killing fields with zeros. 

Choose a point p £ M where the vector field X s vanishes, and let T C G be 
a maximal torus of the subgroup fixing p. Let H C G consist of the elements 
commuting with T and let us write f) C C°°(M) for the space of Hamiltonian 
functions of vector fields in the Lie algebra of H . Note that f) contains the constants 
as well. Let us also write t C f) for the Hamiltonian functions corresponding to the 
subgroup T C H. 
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Given a small parameter e > 0, we will construct an approximate solution to 
our problem on Bl p M in the Kahler class [ui] — e 2 d m [E), for some constant d m 
depending on the dimension, so that (i™ -1 is the volume of the exceptional divisor 
of BloC m with the Burns-Simanca metric r\ from Section 13.31 Of course we could 
make d m = 1 by rescaling n. For simplicity assume that the exponential map is 
defined on the unit ball in the tangent space T p M (if not, we can scale up the 
metric oj). Choose local normal coordinates z near p such that the group T acts by 
unitary transformations on the unit ball B± around p (this is possible by linearizing 
the action, see Bochner-Martin [5] Theorem 8). In these coordinates we can write 

uj = idd(\z\ 2 /2 + cp(z)), 

where ip = 0(\z\ ). At the same time recall the Burns-Simanca metric 

r/ = idd(\z\ 2 /2 + 2P(z)). 

We glue e 2 rj to uj using a cutoff function in the annulus Bi Tf \ B Tf in M, where the 
dependence of r e on e will be chosen later. To do this, let 7 : R — > [0, 1] be smooth 
such that j(x) = for x < 1 and 7(2;) = 1 for x > 2 and then define 

7i W = l( r / r s), 

and write 72 = 1 — 71 . Then we can define a Kahler metric w e on Bl p M which on 
the annulus B\ \ B e is given by 

u e = idd 0£ + 7i(MMz) + 7 2(|2|) £ V(^^)) ■ 

Moreover outside i?2r s the metric cu e — u> while inside the ball B Te we have u> £ = e 2 r\. 
Note that the action of T lifts to Bl p M giving biholomorphisms, and that u e is 
T-invariant. 

It will be important to lift functions in 1} to Bl p M . Only elements in t have a 
natural lifting, since they correspond to holomorphic vector fields vanishing at p, 
so we give the following definition. 

Definition 13. We define a linear map 

l:tj^C°°(Bl p M) 

as follows. First let us decompose f) into a direct sum f) = I © [)', where we can 
assume that each function in f)' vanishes at p. Any / € t corresponds to a holo- 
morphic vector field Xf on M vanishing at p. For such f we define 1(/) to be the 
Hamiltonian function of the holomorphic lift of the vector field Xf to Bl p M , with 
respect to the symplectic form oj e , normalized so that f = 1(f) outside B\. For 
f G f)' we simply let 1(f) — 71/ near p using the cutoff function 71 from before, 
and we think of this 1(f) as a function on Bl p M . Finally define the lift of general 
elements in f) by linearity. 

We can now state the main technical result we need, whose proof will be given 
in Section [5] 

Proposition 14. Suppose that the point p S M is chosen so that the vector field 
X s vanishes at p. Then there are constants Eq, c > such that for all e G (0, £0) we 
can find u G C°° (Bl p M) T and f G f) satisfying the equation 

(6) s(co e + iddu) - ivi(/) • S7u = 1(f). 



ON BLOWING UP EXTREMAL KAHLER MANIFOLDS 



11 



In addition the element f G f} has an expansion 

(7) f = s + e 2m - 2 (\ + c m n(p)) + f e , 

where c m is a constant depending only on the dimension, A = Vo\(M)~ 1 c m is 
another constant, and \f E \ ^ ce K for some n > 2m — 2. 

Note that in this proposition, 1(/) corresponds to a Hamiltonian vector field 
X\(fj on BlpM , and if this vector field is holomorphic, then the metric w £ + iddu 
above is extremal by Lemma [T2"l Moreover ^i(/) is holomorphic if and only if / G t, 
ic. if the vector field Xf on M vanishes at p. Given this proposition we can now 
prove Theorem [TJ 

Proof of Theorem [7J We will give the proof for the blowup of one point to simplify 
the notation, since blowing up several points does not give rise to essential new 
difficulties. Let us use the notation from before, so that G is the Hamiltonian 
isometry group of (M,uj), p G M and T is a maximal torus in the stabilizer of p. 
The subgroup H C G consists of the elements commuting with each element of T, 
and let f),t be the Lie algebras of H, T. Note that in this case f) p = t, where f) p is 
the stabilizer of p in I). 

We will work on the ff c -orbit of p, so let us write U = H c ■ p. Then U C M is 
an //-invariant complex submanifold. If nip) G f) p , then the stabilizer of p in H c is 
T c . This can be seen using the structure of the stabilizer group of relatively stable 
points (analogous to Calabi's structure theorem for the automorphism groups of 
extremal metrics [7]). Since every element in H c commutes with T, it follows that 
for every q G U the stabilizer of q in H is T. We can therefore apply Proposition[T4l 
to each point q G U with T as the maximal torus. We can first replace U by a 
relatively compact complex submanifold U' CC U which is still -invariant and 
contains p, to ensure that we can choose e,c in the proposition uniformly over 
U'. Note that the solution of the equation in Proposition [T4l is obtained using the 
contraction mapping theorem, so although the solution is not unique, the various 
choices can be made so that it depends smoothly on the data. 

For a suitably small e we therefore have a smooth map 

lie : U' -»• f) 

where f e € f) is given by the Proposition [14] applied at the point q (so f £ depends 
on q). Since \f £ \ ^ ce K for some n > 2m — 2, it follows that 

lim fj, e = fx. 

Applying Proposition [8] we see that if the vector field n(p) vanishes at the point 
p then for sufficiently small e > we can find a point q in the iJ c -orbit of p 
such that He(q) vanishes at q. Note that X s is in the center of g, so if the vector 
field X s vanishes at p then it also vanishes at q. This means that when applying 
Proposition rr?] at the point q, the element / G f) is actually in i, ie. Xf vanishes at 
q. By Lemma [T2l we therefore obtain an extremal metric on the blowup Bl q M in 
the Kahler class 

[«] -e 2 d m [E}. 

Since q is in the ff c -orbit of p, the manifolds Bl q M and Bl p M are biholomorphic 
so we have constructed an extremal metric on the blowup Bl p M . □ 
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5. The gluing argument 

In this section we prove Proposition 1141 As before we will only blow up one 
point, but the proof of the general case is identical apart from more complicated 
notation. We will mainly focus on the case m ^ 3 since the case m = 2 needs 
special care but we will make brief comments on how to adapt the arguments when 
m = 2. We first need some analytic preliminaries. 

5.1. The Lichnerowicz operator on weighted spaces. The key to solving our 
equation using a perturbation method is to construct an inverse to the linear oper- 
ator (0| and to control its inverse acting between suitable Banach spaces. It turns 
out that weighted Holder spaces are suitable spaces to work in and in order to 
understand the mapping properties of the operator (0} between these spaces on 
the blowup BlpM we first need to understand the behaviour of the Lichnerowicz 
operator on weighted spaces on the manifolds M \ {p} and Bl p C m . This is the fun- 
damental tool in Arezzo-Pacard [2j [3] and Arezzo-Pacard-Singer [4] and we follow 
their treatment here. See also Lockhart-McOwen [20], Mazzeo [22], Melrose [23] or 
Pacard-Riviere [25] for more details on weighted spaces. 

First we look at M p = M \ {p} with the metric ui. For functions / : M p — >• R 
we define the weighted norm 

H/ H Ct<*(M„) = Wf\\ct"(M\B 1/2 ) + r & < U P 2 r_ ' 5 |l / llc fc - JB 2r \B r )- 

Here the subscripts cu and r~ 2 cu indicate the metrics used for computing the cor- 
responding norm. The weighted space Cg' a (M p ) consists of functions on M \ {p} 
which are locally in C k,a and whose || • \\ c k,a norm is finite. 
The main result we need is the following. 

Proposition 15. If S < and a € (0, 1) then the operator 

Ct> a (M p ) T xtj^C° s f 4 (M p ) T 
(cp,f)^V*Mcp)-f 

has a bounded right-inverse. Here T is a torus of isometries of (M, lo) and f) is the 
space of T -invariant Hamiltonian functions of holomorphic killing fields. 

Proof. This follows from the duality theory in weighted spaces. The image of 

V*V : Cf a (M p ) -> C°l a 4 (M p ) 

is the orthogonal complement of the kernel of 

V"D : C^ 2m _ s (M p ) -+ C°J« m _ s (M p ). 

If S < then 4 - 2m - S > 4 - 2m, so we need to see that if h € KerX>*D is 
such that h £ C^ ,a (M p ) T for some 7 > 4 — 2m, then h is smooth. This follows 
from the regularity theory in weighted spaces since there are no indicial roots in 
(4-2m,0). □ 

Let us turn now to the manifold BIqC" 1 with the Burns-Simanca metric rj. The 
relevant weighted Holder norm is now given by 

ll/llc^(Bi c"-) = ll/llc^(s 2 ) +supr^|[/[[ c ^^ (B2ABr) . 
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Here we abused notation slightly by writing B r C BIqC" 1 for the set where \z\ < r 
(ie. the pullback of the r-ball in C m under the blowdown map) . 
The key result here is the following. 

Proposition 16. For 6 > 4 — 2m and a G (0, 1) the operator 

Cf a {Bl Q C m ) T -> C a s f 4 (Bl C m ) T 

has a bounded inverse. Ifm = 2 then we should instead choose S G (3 — 2m, 4 — 2m). 
In that case if we let \ be a compactly supported function on BIqC" 1 with non-zero 
integral, then the operator 

Cf a (Bl C m ) T x R -> C°l Q 4 (BZ C m ) T 

(8) 

(^t)^p;p„(^) + < x 

/ias bounded inverse. 

Proof. This is also a consequence of duality theory in weighted spaces. Once again 
the image of 

V*V : Cf a (Bl Q C m ) -> Gf* 4 (Bl C m ) 
is the orthogonal complement of the kernel of 

V*V : Cl a 2m _ s (Bl C m ) -> C°J« m _ s (Bl C m ). 

If 5 > 4 - 2m, then 4 - 2m - 5 < 0. If h G Ker£>*£> and h G C^' a (SZ C m ) for 
some 7 < then we must have h = (for the proof see [2]). This implies that our 
operator is surjective. 

When m = 2 then the same argument shows that the image of T>*V V when 
<5 G (3— 2m, A — 2m) has codimension 1, and more precisely the image is the subspace 
of functions with integral zero. It follows that the operator jSJ is surjective. □ 

5.2. Weighted spaces on Bl p M. We will need to do analysis on the blown-up 
manifold Bl p M endowed with the approximately extremal metric lj £ we constructed 
in Section 2] For this we define the following weighted spaces, which are simply 
glued versions of the above weighted spaces on M \ {p} and Bl p C m . 
We define the weighted Holder norms Cg' a by 

ll/IU- = \\f\\c^(M\ Bl )+ SU P r ~ 5 \\f\\c k >" (B 2r \B r ) + £ ~ d WfWc^(B e )- 

The subscripts indicate the metrics used to compute the relevant norm. This is 
a glued version of the two spaces defined in the previous section in the following 
sense. If / G C k < a (Bl p M) and we think of Bl p M as a gluing of M \ {p} and Bl C m 
then 71/ and 72/ can naturally be thought of as functions on M \ {p} and BIqC" 1 
respectively. Then the norm ||/||c<fc.a^j m) ^ comparable to 

ll7l/llc£' a (A/ p ) + £_<5 |l72/ll C ^"(S/ C™,r ; )- 

Another way to think about the norm is that if ||/|| c k,<» c then / is in 
C k ' a (Bl p M) and also for i < k we have 

|V7| < c for r ^ 1 
|V7| < cr s - 1 for e < r 1 
|V7K ce 5 - 1 for r < e. 
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The norms here are computed with respect to the metric to E , and note that on B e 
we have lu £ — e 2 n. 

Sometimes we will restrict this norm to subsets such as C^ a {M \ B re ) and 
Cg' a (B2r e )- A crucial property of these weighted norms is that 

(9) HWc^^c 

for some constant c independent of e. 

In addition we need the following lemma about lifting elements of f) C C°°(M) 
to C°°(Bl p M) according to Definition H3l 

Lemma 17. For any f £ f) its lifting satisfies 

\W)\\ct^c\f\ 

and also ^ c|/| for some constant c independent of e. Here | ■ | is any fixed 

norm on f). 

Proof. Recall that we defined the lifting in Definition [13] using a decomposition 
t) =!©[)', where the functions in fj' vanish at p. Suppose first that / £ fj'. Since / 
vanishes at p, we have 

ll/lld.«(M p ) < C \fl 

where c is independent of /. It follows from the multiplication properties of weighted 
spaces and © that 

roiled ci/i, 

from which the required inequalities follow. 

Now suppose that / £ t, and write Xf for the holomorphic vector field on M 
corresponding to /. On the ball B Tc C M, the action of Xf is given by unitary 
transformations, and the size of the lifting to B Te C Bl p M is determined by the 
size of Xf on dB re . Outside B Tc the vector field is unchanged and the metrics 
uj and Lo e are uniformly equivalent. From these observations we can check that 
|-X"i(/)|w e ^ c l/l for some constant c. This in turn bounds Vl(/), from which the 
bound on ||l(/)|| c o,<* follows. □ 

5.3. The linearized operator. We now want to start studying the linearized 
operator (f4]). The constants that appear below will be independent of e unless the 
dependence is made explicit. 

Recall that for any metric Co we defined 

L&(ip) = A? + Ric^fVy. 

We want to first study how this varies as we change the metric. For this we have 

Proposition 18. Suppose 6 < 0. There exist constants cq,C > such that if 
\\tp\\ C 4,, a < Co then 

\\L^(f)-KSf)\\ c ^ <C\\<P\\ci->\\f\\ci"» 
where lo v = ui £ + iddtp. 

Proof. In the proof c will denote a constant that may change from line to line, but 
is always independent of e. Let us write g, g v and for the Riemannian metrics 
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corresponding to uj £ and w v . We can first choose Co small enough so that \g < 
g v < 2g, so the metrics are uniformly equivalent. We also have 

\\g v \\ c 2, a ^ c(l + \\<p\\ c *,a) ^ c, 

where the norms are always computed with respect to w e and a set of coordinate 
charts obtained from a fixed set of charts on M and on Bl C m . Schematically we 
have 

d(g^) = % 2 dg v 
9 2 (9^) = g^ 3 dg v dg v + g~ 2 d 2 g v 
which implies, using our previous statements, that Hff^Hc^.c. ^ c. Since 

g^ 1 - 9' 1 = g^(g - g<p)g~\ 

we get 

iis^-rtcs- ^ c y\\ci- 

From this we can control — A g , since schematically 

Alf - A]f = g-Wig-Wf) g^g-^f) 

from which we get 

M^S^^ — ^S^iios^ < H^ 1 — tf _1 iios- ii^^Hos- ii^^Ho-- 

+ llfl- 1 |lcS-ll^ 1 -fl- 1 H^-ll« 2 /llcJi- 
< civile-,- ll/IU,-. 

2, d 

For the terms involving the curvature, we first note that ||Riem(</)|| r ,fc,a < c for 
some constant independent of e. In addition 

||Riem(> v ) - Riem(»|| c o,c, < c||y»|| C 4, a . 

This follows from the schematic 

Riem(flr) = <9r + r*r, 

where T = g~ x dg. In addition 

r v - r = (g- 1 - g- 1 )dg v + g-\d gip - dg), 

which implies that 

\\r v -r\\ cl ,a ^cMc*,*, 

and so with similar calculations we get the required result for the curvature. □ 

This result will have several useful consequences. First it allows us to estimate 
the nonlinear operator Q UJe in the formula 

(10) s(cv £ +iddip) = s(u> £ ) +Qu lE {f)- 

Lemma 19. Suppose that 6 < 0. There exist c , C > such that if 

IMIc^-HV'llc^ < c o> 

then 

WQuM - Q u .W>)\\c° L ° t < c{Mc^ + HWct^-^Wct- 
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Proof. By the mean value theorem there exists some Xi which is a convex combi- 
nation of tp and ip, such that 

Qu e (<P) ~ QuM) = DQ^xiv - i')- 

From Equation [10] we see that DQ Ue iX = L u>x — L Ue , so if cq is sufficiently small, 
then from the previous proposition we get 

\\DQ u ., x (<p - ^Hoj^ < C\\x\\c^ \\<P ~ ncf- 

But Hxll c 4,a ^ IMIc 4 ' Q + IIV'llc 4 '" so * ne required inequality holds. □ 

Next we want to study the invertibility of the linearized operator Q of our 
problem on Bl p M . Let us write X — Vl(s), where \(s) is the lift to Bl p M of the 
scalar curvature s(w). 

Proposition 20. For sufficiently small e and S £ (4 — 2m, 0) the operator 

(<p,f)*L u (<p)-±X(<p)-l(f) 

has a right inverse P , with bounded operator norm ||P|| < C for some constant C 
independent of e. 

When ttl — 2 and we choose S = 4 — 2m — 9 for 9 > small, then we obtain a 
right inverse P with ||P|| < Ce~ e . 

Proof. This follows a standard argument for gluing solutions of linear problems, by 
first constructing an approximate inverse. See for example Chapter 7 in Donaldson- 
Kronheimer |12j . 

We will use the cutoff functions 71, 72 from before, where 71+72 = 1, the function 
71 is supported on M \ B Te , V71 is supported on S 2 r e \ B Tr and 

hi\\ c *,« < c. 

We will also need a cutoff function /?i which is equal to 1 on the support of 71, 
such that V/?i is supported on a set slightly smaller than B re \ B e and /3i = on 
B e . We will later choose a < 1 such that r 6 = e a , and for now let a be such that 
a < a < 1. Then we can define 

'log |2| 



loge 



where /3 : R — > R is a fixed cutoff function such that j3(r) — 1 for r < a and 
/3(r) = for r > a. The key point is that with this definition 

I|VA|| C 3,« «S jy-^— r, 

-1 I loge 

and also the support of V/3i is in B re \ B e a . 

Similarly we define f3% so that fa — 1 on the support of 72, but we want the 
support of Vfa to be slightly smaller than B\ \ B2r c ■ Namely we want Vfa to be 
supported on B2 £ <l \ Bi Te , where < a < a. Again we can define 

'logM/2 x 



fa{z) = [3 



log r £ 
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where (3 : R — >• R is a cutoff function such that f3(r) = for r < a/a and j3(r) = 1 
for r > 1. Once again, we obtain 

°-i | log r e | | logs] 

for sufficiently small e. 

Let <y9 G (C'°l a 4 ) T . The function jitp can be thought of as being defined on M p . 
Since ||7i|| c o, Q c and the metrics w £ and uj are uniformly equivalent, we have 

\hM\ c ° sL %(M p ) < cii^n^ . 

It follows from Proposition [15] that there exists some / G f) and Pi(7i</?) with 

(11) H^fTi^llcJ-^ + l/Kcllvllcj^ 
for which 

(12) L w Pi(71V) - 7^Vs(u;) • VPifri?) - / = 7 i¥>- 

Similarly the function 72^ can be thought of as a function on BloC m , and from 
the definition of our norm we have 

hM\c° s ^{Bi c^) < ee^lMlcJiV 
From Proposition 1161 we have some ^2(72^) with 

(13) ||-Rj(72V)llo}--(Bi C« ,„) < c ll e SvllcJl- (Bi C»M,) < c£5 Mc° L V 

for which 

so we also have 

L ^ n { P 2{l2¥)) = 72(fi- 

We can think of ^F^^V?) as a function on Bl p M or on BIqC" 1 . 
We then define 

P(^) = ftPl(7l^) + P 2 P2(J2<P), 

where we are thinking of the annulus B\ \ B e as a subset of M p , BlgC™ 1 and Bl p M 
at the same time. The bounds (fTTj) and (fT"3")) imply that 

(u) II^MIIc^ ^c|M| c o lV 

We want to show that the operator tp 1— > (P(tp), /) gives an approximate inverse to 
the operator G. 



Claim. For sufficiently small e we have 



L u .(P<p)--X(P<p)-l(f)-<p <t|MU. 



1 



To prove this note that we can write the expression we want to estimate as 
£ w .G8iA(7i¥>))) " 7^(/3iA(7i^)) -7il(/) -7iV 

+^(^2^2(72^) - ^X(/3 2 P 2 (7 2 p)) -72l(/) -72^, 

where the terms on the top row are all supported in M \ B £ a and the terms on the 
bottom row are supported in B 2e <l- 
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We first deal with M \ B e -. On this set we have u> E = cj + iddp, where 

p(z)= l2 (\z\)(-v(z) + e 2 i;(e- 1 z)). 

It follows that on the complement of B e - we have 

\\p\\ct-(M\B^ < c(r £ 2 + £ ( 2 ™- 2 H^)) = (1), 

where by o(l) we mean a constant going to zero as e — >• 0. By the argument in 
Proposition [18] this implies that on the complement of B E - we have 

11^-^11=0(1). 

LS SUJ 

Lemma [T71 It follows from this that 

(15) || (X - VsMM| c o,» ^crl ||^|| C 4„ 

Similarly, inside i?2es. we have 

o(l). 



At the same time s(w) — l(s) is supported on i?2r e and is bounded in Cq' q by 



Therefore it remains to show that for sufficiently small e we have 
(16) 

HMAPiM) - ^Vb(w)- V(AA(7iV))-7il(/)-7i¥'ll c o- ( M\s e ) < ^IMlcJiV 
and 

\\L £ 2 {/3 2 P 2 (<y 2 <f)) -72K/) -72^11 c °- a (Bi) < tIMIc?' q • 

0-4'. ' o — 4 

For the first inequality note, using Equation (|12l) that 

KWMfi'P)) - l^s(u) ■ V(/3 1 P 1 ( 7 K^)) - 7iK/) " 7i V 

=^71^ + A/ - 7 il(/) - llV > + D\Vf3 1 * Pi (71^)) 

=£1/ - 7il(/) + £ 3 (V/?i * Pi (w)), 

where D 3 denotes a 3rd order differential operator with the coefficient of V 1 bounded 
in £7,1*3 (M p ) anc ^ * is a bilinear algebraic operator. Since /3i/ — 7il(/) is supported 
in P2r e an d is bounded in Cq' q by c|/|, we get 

ll/3i/-7il(/)llc i °- ^crt- s M cr . 

Finally we have 

||£> 3 (V/3 1 *P 1 (7i^))|| c o, a <c||VAII c3f l|Pi(7i¥')llc?-= ( 1 )lkllc?- ! 

o — 4 — 1 o o—4 

so for small enough e the Inequality [TBI holds. 

The proof of the second inequality is similar, just note that Jil(f) is supported 
in £?2r e so 

llTS»l(/)[| o^ (Bl) <cr^|b|| j.a. 

This proves the claim, so if we write P(y) = (Pip,f), this means that the 
operator norm ||£? o P — 7|| i, which implies that we have a uniformly bounded 
inverse (G o P) _1 . This in turn shows that G has a right inverse P o (G o P) _1 
whose norm is bounded independently of e, which is what we wanted. 
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When m — 2 then we first work with the operator 

Go:(^ 4 'Txb xR^(C°l Q 4 r 

where x is the function from Proposition 1161 We are thinking of \ as a function 
on Bl p M using the identification of B £ C Bl p M with B\ C Bl^C m and in addition 
f) denotes the functions / G t) for which the lifting 1(/) has zero mean. The same 
argument as above can be used to show that if e is small then Go is invertible, with 
the inverse bounded independently of e. Since T>*T>(ip) and 1(/) have zero mean, 
this implies that the operator 

Gi : [Cf a ) T x Fo 

also has bounded inverse, where (C 's'"a)o consist of functions with zero mean. Now 
note that if 5 < 4 — 2to then 

It follows, by applying Gj -1 to ip — Tp and then absorbing the mean value Tp into /, 
that the operator 

G 2 :(Cf a ) T xf^(G°l a 4 f 

{ipj)^v*Mip)-\{f) 

also has bounded inverse, but we only get HC^ 1 1| < (7 £ <M4-2m) = Ce -e _ Finally 
we can compare G2 with the operator G in the statement of the proposition using 
()15[) , and we find that G is also invertible with the same bound, if 9 is small enough 
so that r\ < e e . □ 

5.4. The nonlinear equation. We are now ready to solve the equation of Propo- 
sition Q3] (see also Equation @), ie. we want to find a T- invariant function 
u e C°°(Bl p M) and / e f} satisfying 

s(w £ + iddu) - -Vl(/ + s) ■ Vm = 1(/ + s). 

Recall that here 1(/) and l(s) are our lifts of the functions /, s(w) € h to the blowup 
BlpM, defined in Definition [T51 As before we will write X — Vl(s). Let us write 
the equation as 

(17) («) - lx{u) - 1(f) = l(s) - s(w e ) - Q Uc (u) + \ Vl(/) • Vu. 

Following [3] we first modify wonM \ {p} so that it matches up with the Burns- 
Simanca metric to higher order. For this let T be a T-invariant solution of the 
linear equation 

(18) V*JD U T = h on M \ {p} 
for some /i€f), such that T has an expansion 

r(z) = -|z| 4 - 2m + f, 

where T = 0(|z| 5_2m ) for to > 2 and T has leading term log \z\ when to = 2. It 
follows from this expansion that T is a distributional solution of 

VlV u T = h — c m 5 P i 
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where c m > is a constant depending on the dimension and S p is the delta function 
at p. We then find that for all g £ f) we have 

ghui m = c m g(jp), 

I M 

so h = c m fx(p) + A, where A = Vol(Af) _1 c m is a constant. 
Define the metric u = u> + iddT on M \ {p}, so 

u = idd ( i^- + e 2m ~ 2 r(z) + tp(z) 



2 

where recall that ui = idd(\z\ 2 /2 + tp(z)) near p. We can then write 

Q = ld d f Ml _ £ 2 m -2| z |4- 2m + £ 2 m -2 f (z) + ^ (z) 

when m > 2. At the same recall that the Burns-Simanca metric r\ has an expansion 

r, = idd(^-\z\ 4 - 2m + rP(z) S j , 

where -0 = 0(|z| 3_2m ) for large z. We define the metric oj e by gluing Q to e 2 r\ as 
before, to get on the annulus B 2re \ B Te 

\ z \ _ r 2m— 2|„j4-2ro 

2 



(19) 



^ = 4001^- e 2m - 2 |z| 4 ~ 2m + Ji(\z\) e 2m -*T{z) + p(z) 



+72 (M)^" 1 ^) 



Moreover outside B 2 r € we have co e = lu while inside B rc we have co e — e 2 ri. Note 
that in terms of our previous approximate metric u e 

(20) w £ -w £ + idB [e 2m - 2 7 i(|z|)r(z)] . 

If m = 2 then we can glue w to e 2 r] in the same way. 

We want to find a solution to Equation [17] as a perturbation of u e so we write 

u = £ 2m - 2 7l r + « 

( 21 ) J- Jm-2, . 

/ = £ /l + g. 

Substituting this into Equation [T7] and rearranging we get 

W«) - - 1(9) =i(«) - B(« e ) - + iviCf) • v« 

- ^ e (e 2m ~ 2 7ir) + ix(e 2m - 2 7l r) + e 2 " 1 - 2 ^). 
We can write this as a fixed point problem 

(v,g)=Af(v,g) 

where we use the inverse P constructed in Propostion l20l and 
Af(v, g) =p|l(a) - B(w e ) - g We (e 2m - 2 7 ir + w) 

+ 1 v^-a^fc) + . v ( e 2™-2 7ir + „) 

- ^ e (e 2m - 2 7l r) + Ix(e 2m - 2 7ir) + e 2m - 2 \{h)\ 



ON BLOWING UP EXTREMAL KAHLER MANIFOLDS 



21 



We first show that 

AT:(^TxH(^Txf 
is a contraction on a small ball. 

Lemma 21. There exist constants Co,Eq > such that for e < Eq the operator M 
is a contraction on the set 

: IMIc 2 4 <°' bl < c o} 

with constant 1/2. 

Proof. Suppose m > 2. Since P is bounded independently of e, we need to control 
Qu,M - ~Vl(/r) • Vui - Q w > 2 ) + ^Vl(/ 2 ) • Vu 2 , 

where 

Ui - e 2m - 2 7l r + Bj 

First note that 

|| e a " l - a r|| c *..<c( e r e - 1 ) 2m - 2 = o(l) 

as e — > 0. Hence for any A > we can choose sufficiently small cq and e for which 
Lemma [T51 implies that 

\\Qw e (ui) ~ QueMWc ^ < MWi -«2|| c *.o =\\\Vi-V2\\ c *,c. 

On the other hand we have 

||Vl(/0 • Vui - Vl(/ 2 ) • v^n^ < 

< ||VlCfi) • (V«i - Vu 2 )\\ c o,_« + ||(V1(/ X ) - Vl(/ 2 )) • Vualloo^ 

< l|Vl(/i)|| c o.-[[«i-u 2 [[ o; .- + ||«a|| o; .-||Vl(/ 1 -/ 2 )[| c o. ? 
^cdAI-llui-uallcj.- + 11^11^1/! -/ 2 |), 

where we used Lcmma [T7l From this it is clear that by choosing cq and e sufficiently 
small, Af is a contraction with constant 1/2. 

If m = 2 then P is not bounded independently of e, but if we choose 5 < 4 — 2m 
very close to 4 — 2m then the bound only blows up slowly as s — > and the same 
argument works. □ 

Next we need to bound A/"(0, 0), which is the same as estimating ||.F[[ c o,<* where 
F is the function 

F = - B (u e ) - Q^(e 2m ' 2 lir) + l -Ve 2m - 2 \{h) ■ Ve^^T 
(22) 2 

-L^( £ 2m - 2 7l r) + -X(e 2m - 2 7 ir) + e 2m - 2 l(h). 

Lemma 22. Choose S very close to 4 — 2m with 5 > 4 — 2m for m > 2 and 
(5 < 4 — 2m /or m = 2. Lei r e = e 2 ^ 1 . Then we have the estimate 

{{FW^ < cr £ 4 " 5 , 
where F is defined by Equation i22\) . 
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Proof. To prove this we look at three different pieces of Bl p M separately, namely 
M \ B 2Tf , B 2r , \ B re and B Ts . First of all in B Tf we have F = l(s) + e 2m ~ 2 \(h) , but 
note that by Lemma [T71 

o. Q , ||l(fc)|| o,»<C, 



V*JD U T = L U T - -X(T) = h 



which implies that ||F|| c o,<« ^ j < cr\ s . 

On the set M \ B 2Te note that uj 6 = lu, so 1(s) = s(w £ ) and = h. In addition 

1 

2" 

using Equations (fT5)l and ([5]) . This means that on the set M \ B 2re 

(23) f = -Q aJ ( e 2m - 2 r) + i £ 4m - 4 v/i- vr. 

It is useful to note that ||7ir|| c ,4, Q is bounded by cr 4_2m_UJ for w > 4 — 2m and by 
c for w < 4 — 2m. For the second term in (1231) we have 



£ 4 ™- 4 ||v/x.vr|| cr4(MXB2i . e) ^ 


cs 4m - 


-4 


livril^.. 




ce 4m - 


" 4 | 


l|r|| oi ,. 




cs im 


-4 


«r 4 " 5 , 



as long as S is close to 4 — 2m. For the term involving Q w we use Proposition |2"31 
below. Indeed 

||Q.(e 2m - 2 r)|| cr4 (MVBarJ < ce 4 ™- 4 r £ 6 - 4 ™- 5 < cr 4 " 5 , 
as long as m ^ 2. 

Finally on the annulus A £ = B 2rc \ B re we first note that by Equation ([20]) we 
have 

s(w e ) + i^(e 2m " 2 7 ir) + Q^(e 2m - 2 7 ir) = 8 (w e ). 
The other terms in the expression for F can be dealt with as before, so we only 
need to show that on the annulus A e 

\\s(Q E )\\ c o L o. 4 ^cr 4 £ " S . 

This is where we use that Cj matches up with the Burns-Simanca metric to leading 
order at p. We use the formula given in Equation (|19p . which we write as 

Q e = idd + g(z) 

On A e we then have 

s(w) = L n (g), 

where r\ = idd (|z| 2 /2 + tg{zy\ for some t 6 [0, 1]. We have 

s(w) = A 2 .g + (L v - L ).9, 
where Lq = Aq is the linearized operator at the flat metric. At the same time 

|| g || c ^ (Ae)S Cc £ 2 ™- 2 r 4 - 2 ™- 5 «r 2 - 5 , 
so Proposition [231 implies that 

&-2(J2m-2 4-2m-c5\2 ^ „ M 4-r5 
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Finally for A%g note that A^(|z| 4 ~ 2m ) = 0, so writing 
g(z) = -e 2m - 2 \z\ 4 - 2m + ~g(z) 
we have A^g = A^g. At the same time 

so 

H A o3llcr 4 (A e ) < cr^ 5 , 
which gives the result we wanted. □ 

We used the following result, whose proof is identical to that of Proposition IT51 

Proposition 23. There exist constants cq,C > such that if U C Bl p M and 
\\u\\ c 4,a{U) ^ Co then for any v we have 

\\L Uu {v) - L Ue (v)\\ c0s ^ (u) C||u|| C 4, a(a) |M| C 4,« (C7) , 
where lo u = uj e + iddu. It follows that 

\\Q^{ U )\\c°^{U) < C 'll U llc 2 4 ' Q (C/)ll W llc, 4 -(C/)- 

We can now complete the proof of PropositionlMl Let us choose 5 close to 4 — 2m 

2m-l 

with S > 4 — 2m for m > 2 and <5 < 4 — 2m for m = 2, and let r e — e 2m + 1 as above. 
First by Lemma 1221 and our bound on the inverse P from Proposition 1201 we have 

\Mo,o)\\ C f> w £ 4 -V e 

for some constant c\ independent of e, as long as e is sufficiently small. Here 8 = 
if m > 2 and = 4 — 2m — 6 if m = 2. Define 

S=|>, 5 ) : ^11^,151^2^-^}. 

For (w, j) 6 S 1 we have 

so if e and 9 are small enough then Lemma [5T] implies that A/" is a contraction with 
constant 1/2 on S. In particular AT then maps S to itself, since if (v,g) € S then 

||A^,. g )|| < \\Af(v,g)-Af(0,Q)\\ + WM\\ < ±\\(v,g)\\+ Cl rt- 5 e- e ^2 Cl rt- 5 e- e . 

It follows that for small enough e there is a fixed point of Af in the set S. This gives 
a solution (i>, g) to our equation, with \g\ ^ 2cir 4_l5 e _e . Finally if S is sufficiently 
close to 4 — 2m, we find that r\~ 5 < e K for some k > 2m — 2. Hence from the 
expansion (|21[) and the fact that h = c m /i(p), we obtain the required expansion in 
Equation 0. 

5.5. A remark on Conjecture [6j A natural problem is to compute more terms 
in the expansion (|21[) of the element / above. Examining the argument we see that 
the key point was to first perturb the extremal metric u away from p, so that it 
matches up with the Burns-Simanca metric to higher order. To see what the next 
term should be we need the following. 
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Lemma 24. If m ^ 3 then the Kahler potential for a suitable scaling of the Burns- 
Simanca metric 

T) = idd{\z\ 2 /2 + V(z)) 

satisfies 

(24) ^(*) = -N| 4_2m + a\z\ 2 - 2m + 0(|z| 6 - 4m ), 
where a > 0. 

Proof. This can be seen by finding the first few terms in the power series expansion 
of the solution of the ODE for scalar flat U(n) invariant metrics on BIqC" 1 , written 
down in [2], Section 7 (see also [27] ). Following [2] let us write -q = iddA(\z\ 2 ) and 
let s — \z\ 2 . Let us also introduce the variable t = s _1 and define the function 
£(t) = d s A(s). From the equations given in [2] one can check that £ satisfies the 
equation 

f 1-1 (*)£'(*) - (m - l)t m - 2 £(i) + (m - 2)t 1 ™- 1 = 0. 
Moreover we want £(0) = 1/2. It is then straightforward to check that the first few 
terms in the expansion of £ around t — are 

1 TO — 2 

= - + 2 m - 2 i m - 1 2 m ~ 1 f™ + 0(t" l+1 ). 

2 TO 

From this we can recover A(s), and finally by scaling the variable z and the metric, 
we obtain the first two terms in (|24p. with a > 0. 

To show that the next term is 0(|z| 6 - 4 " 1 ) we can either compute more terms in 
the expansion of £, or instead we can follow the argument in [2J, Lemma 7.2. The 
scalar curvature of r\ = idd(\z\ 2 /2 + ip{z)) is given by 

where A is the Laplacian for the flat metric (we use the Kahler Laplacian and half 
the Riemannian scalar curvature, so the coefficient of A 2 differs from that in [2]). 
It is shown in [2] that if ip G Cf a {Bl G C m ) for some 6 < 2 then 

QW)€C 2 ' s a _ 6 (Bl C m ). 

If s(rj) = then also A 2 ip 6 C^^g, so from the regularity theory for the Laplacian 
acting between weighted spaces we get that 

(25) $ e C 2 4 £ 2 © span{l, |z| 4 - 2m , \z\ 2 - 2m }. 

The reason why we only get these powers of \z\ is that these (together with \z\ 2 ) 
are the only U (n) invariant elements in the kernel of A 2 . Or in other words if we 
work with U (n) invariant spaces then the indicial roots are 2,0,4 — 2m and 2 — 2m. 
Subtracting a constant we can therefore suppose that "0 G C^f 2 m so we can a PPly 
the above with 5 = 4 — 2to. Then 2(5 — 2 = 6 — 4to so the result follows from 

mi. □ 



In order to match with the metric e 2 r\ we therefore need to perturb to to aj+iddT, 
where 

T = -e 2m - 2 |z| 4 - 2m + e 2m a\z\ 2 - 2m + lower order terms 
and Vl/D^T = h on M \ {p} for some h £ f). By changing the lower order terms if 
necessary (we can use a term of the order of e 2m \z\ i ~ 2m to cancel the contribution 
of Ric^r^) we can assume that Y is a distributional solution of 

V* U V U Y = h- e 2m - 2 c m 5 p - e 2m ac' m A6 p , 
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where c m , c' m > are constants depending on the dimension. Taking the L 2 product 
of both sides with all g £ f) as before, we find that 

h = e 2m - 2 (X + c mf i(p)) + e 2m ac' m An(p), 

where A = Vol(M) _1 c m . Under the assumptions of Conjecture [Bl if e is sufficiently 
small we can assume that h = e 2rn ~ 2 \. It seems reasonable to expect that one can 
deform this metric ui + iddT to a cscK metric, but we have not been successful with 
this so far. Note also that when rn = 2, then the potential for the Burns-Simanca 
metric is given by ip = log \z\ with no lower order terms, so it is not clear where 
the expression fi(p) ± eA/i(p), which we see in the algebro-geometric calculations 
in the next section, comes from in this case. 

6. K-STABLE BLOWUPS 

In this section we give the proof of Theorem [5j which is an extension of a result 
in Stoppa [29]. First we need to review the notion of K-stability introduced by 
Donaldson [5]. 

Let L — > M be an ample line bundle. A test- configuration for the pair (M, L) is 
a flat C*-equivariant family tt : M. — > C together with a C*-equi variant relatively 
ample line bundle C —¥ Ai, such that the fiber (7r -1 (l), C\^-i^) is isomorphic to 
(M,L r ) for some r > 0. Let us denote by a the induced C*-action on the central 
fiber (Mo, Lq). This gives rise to a C*-action on the space of sections H°(Mq, Lq) 
for each k. Let us write dk — dim H° (Mq , Lq) and Wk for the total weight of the 
action on H°(Mq, Lq). Define the numbers ao, ax, bo, bi to be the coefficients in the 
expansions 

d k = a k m + aifc m ~ 1 + .. . 

w k = b k m+1 + hk" 1 + ..., 
valid for large k. We define the Futaki invariant of the action C*-action a on 
(Mo, Lq) to be 

Fut(a,M ,Lo) = —bo - h- 
ao 

Since the C*-action is induced by the test-configuration (M,C), we also write 

Fut(X, C) = Fut(a, M , L ). 

Definition 25. The polarized manifold (M, L) is K-polystable if for all test- 
configurations Fut(A4, C) ^ with equality only if the central fiber of the test- 
configuration is isomorphic to M . 

We want to study the K-stability of the blowup Bl p M with the polarization 
Tr*i — eE for sufficiently small e. For this the key calculation is to compute the 
Futaki invariants of C*-actions on Bl p M . 

Let us fix a Kahler metric ui £ C\(L), and suppose that the vector field v = JV/i 
generates a holomorphic 5 1 -action for some h £ C°°(M). Replacing L by a large 
power if necessary, a choice of h gives rise to a lifting of the ^-action to L which 
can be extended to a holomorphic C*-action. We define the Futaki invariant of v 
with the same formula as above. If the vector field v vanishes at p then it has a 
holomorphic lift v to Bl p M . Consider the Q-line bundle L e = ir*L — eE on Bl p M 
for small rational e, where E is the exceptional divisor. We have a C*-action on 
the space of sections H°(Bl p M,L^), and so we can define constants a ,ai,bo,bi 
corresponding to this action as above, which depend on e (if we take k for which 
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ke is an integer, then L k is a line bundle). The following lemma is an extension of 
the calculation in Stoppa [29] . 

Lemma 26. For the action on the blowup we have 



ao = ao 



rr> 



2(m-2)! 

b = b a + —h{p) + ———Ah(p) 
ml (m + 1): 

F m-\ t m _ 9V m 

b ' = b ' + 2(^y h M + -J- Ah ^ 

where Ah is the Laplacian of h with respect to the metric lo. 

Proof. Let us write I p for the ideal sheaf of p £ M. For large k we have an 
isomorphism 

H a (Bl p M,L k ) = H°{M,l ke L k ). 
To study this space, we use the exact sequence 

— > l kE L k — > L fe — ► O fe£p ® L fc | p — > 0. 

As before, let us write dk and wt for the dimension of H°(M, L k ) and the weight 
of the action on this space. Similarly write dk and Wk for the dimension of, and 
weight of the action on, H°(Bl p M, L k ). From the exact sequence we have 

d k = d k - dim O fe 
(26) . 

Wk = W k - w{O kep ® L \ p ). 

Here the weight w{Ok ep ® L k \ p ) is given by 

w{O kep ® i fc | P ) = ^(Ofeep) - kh(p) dim(O fc£p ), 

since the weight of the action on the fiber L p is —h{p). The sign here depends on 
our convention that the real part of the C*-action corresponding to h is generated 
by Vh. 

We can think of Oi p for an integer I > as being the space of (I — l)-jets of 
functions at p, ie. 

Oi p = c®t;®...®s 1 - 1 t;, 

where S l is the i th symmetric product. The dimension of Oi p is therefore given by 

6im(o lp ) = ( m + J " ^ = -L (r + H^-Hv^ + 0(r - 2 ; 



Similarly if we write iu for the weight of the action on T*, then we can compute 
that 

m + l-l\ w ( m+1 (m-2)(m + l) ;m na m-lQ 
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Substituting ke for I and using the formulas ([26)) we get 



£.m fjm— 1 



d fe = d fc - — fc m - —k m ^ + 0(k r > 

m! 2(m — 2)! 



we m+1 h{p)e r - 



i.m+l 



(to + 1)! to! 

(to - 2)we m h(p)e m - 1 



k m + 0{k r ' 



2m! 2(771-2)!, 

The only thing that remains is to see that the weight of the action on T* is given 
by w — —Ah(p). This follows from the fact that by our convention the induced 
action on the tangent space T p is given by the Hessian of h at p. □ 

A simple calculation then gives 

Corollary 27. If the Futaki invariant Fut(i>, M, L) — on M then on the blowup 
we have 

Fut(w, Bl p M,L e ) = —b - h 
(27) a ° 

v I F m-\ F m / _ o \ 

— MP) ~ —< ^Ah(p) - ^h(p)\ + 0(s m +% 



2(to- 2)! v ' to! V 2 ' a 

if to ^ 3, 

Fut(v, Bl p M,L £ ) = - £ -h{p) + £ ^h(p) + (j±Ah(p) - ^) + 0(e 4 ), 

if m = 2 and a\ ^ and finally 

Fut(5, BlpM, L e ) = -~h(p) + i-fc(p) - -^-Afc(p) + 0(e 5 ), 
2 4ao 12ao 

if m — 2 a?7d ai = 0. 

In eac/i case «/ h(p) = Ah(p) — 0, then Fut(v, Bl p M, L £ ) = for all s. 

Combining this with Proposition [TT] from Section [2] we can prove Theorem [5] 

Proof of Theorem^ Let us assume that to > 2, since the argument in the m = 2 
case is essentially identical. We argue by contradiction. We can also assume that 
p is semistable with respect to the polarization L since if it were strictly unstable, 
then Stoppa's result [29] implies that the pair (Bl p M, L £ ) is K-unstable for all 
sufficiently small e. 

So suppose that p is semistable with respect to L, but it is not polystable with 
respect to L + eKm for sufficiently small e. Then by Proposition [TT1 there exists 
a one-parameter subgroup A such that limA(t) -p = q and w^(q, A) = 0, but 

wk m (<Z> ^) ^ 0- By blowing up the trivial family MxCin the closure of the C*- 
orbit of (p, 1) under the action t(p, 1) = (X(t)p, t) we obtain a test-configuration for 
(BlpM, L £ ) with central fiber (Bl q M, L £ ), and the action on Bl q M is simply the 
lifting of the action A. Suppose that this A is generated by a holomorphic vector 
field with Hamiltonian function h. Then w^(q, A) = —h(q) — and wk m (a, A) = 
—Ah(q) ^ 0. If —Ah(q) < then from the formula (|27|) we see that for small 
enough e the Futaki invariant of this test-configuration is negative. Whereas if 
Ah(q) = then we get that the Futaki invariant is zero. In both cases this means 
that (Bl p M,L £ ) is not K-polystable. 
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To deal with the different situations when m = 2, note that by the Hirzebruch- 
Riemann-Roch formula a\ — — -^Km • L. □ 

To relate GIT stability with respect to L + SKm (or L — 8Km) to moment maps, 
we need the following. 

Lemma 28. Let X be a holomorphic Killing field on (M,uj). If ixu> = dh, then 
Lxp = —dAh, where p is the Ricci form. It follows that ifp is polystable with respect 
to the polarization L + SKm for the action of the Hamiltonian isometry group H , 
then there is a point q in the complex orbit H c ■ p such that p(q) + SAp(q) = 0. 

Proof. We can compute 

2lxP = ix{dJd\ogdet(uj)) — — dtx (Jdlog det(uj)) 

= d(Cj X logdet(w)) = dA£j X u, 

where C is the Lie derivative and A is taking the trace with respect to uj. Since 
Cjx^> = —2iddh, we get Lxp — —dAh, which is what we wanted. 

It follows that if p, is a moment map for the action of H with respect to the 
symplectic form uj then p + 5Ap is a moment map with respect to uj — Sp. Since 
oj — Sp G ci (L + SKm), the second statement in the lemma follows from the Kempf- 
Ness theorem. □ 

Finally we give the proof of Corollary [7J 

Proof of Corollary^ We will prove the following three implications. 

(i)=>(ii) This follows from the main theorem in [30] . 

(ii) =>(iii) This follows from Theorem [SJ even though we are using a more restric- 

tive version of K-polystability. The reason is that in finite dimensions 
when using the Hilbert-Mumford criterion for testing stability of a point, 
it is enough to look at one-parameter subgroups which commute with a 
torus fixing the point. This follows for example from the theory of optimal 
destabilizing one-parameter subgroups (see Kempf |15|). or also from the 
Kempf-Ness theorem and the observation that p(p) is always in the center 
of the stabilizer of p since p is equivariant. 

(iii) =>(i) This follows from Theorem [T] Namely if p G M is GIT polystable then 

by replacing p by a different point in its iJ c -orbit, we can assume that 
p(p) = 0, so Bl p M admits an extremal metric in the class tt*[oj] — e[E] 
for small e. Since (M, ui) is Kahler-Einstein, the Futaki invariant of any 
vector field on M is zero with respect to the class [uj]. Since p(p) = and 
p = u>, Lemma l28l implies that Ap(p) — 0, so from Corollary l27l the Futaki 
invariant of every vector field on Bl p M vanishes in the classes tt*[oj] — e[E]. 
This means that the extremal metric we obtain actually has constant scalar 
curvature. 

□ 
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